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In this paper, we study the thermodynamics and statistics of the galaxies clustering affected by
the dynamical dark energy. We consider two important dark energy models based on time dependent
equation of state to evaluate the gravitational partition function. In the first model, we consider
barotropic dark energy with time dependent equation of state. However, in the second model, we
consider various kinds of Chaplygin gas equation of state which originally introduced by string
theory. We calculate, analytically and numerically, the thermodynamic quantities in canonical and
grand canonical ensembles. We investigate validity of the second law of thermodynamics for the total
system of clustering of galaxies and dynamical dark energy. We finally evaluate the galaxy-galaxy
correlation function and compare our model with Peebles’s power law and find that the model based
on generalized Chaplygin gas may yields to more agreement with observations.
I. INTRODUCTION
Type Ia Supernovae (SNeIa) [1] and the Cosmic Microwave Background (CMB) [2] confirmed acceler-
ating expansion of Universe, but the physical origin of this acceleration is unknown. Theoretical solution
for the accelerating expansion is presence of dark energy [3]. In this regard, there are some theoretical
models of dark energy. The simplest one is based on the cosmological constant Λ which called Λ-CDM
model [4]. Because of the fine-tuning [5] and the cosmic coincidence problems [6], we need alternative
model to describe dynamical dark energy. In that case, there are some dynamical model of dark energy
based on the scalar field like phantom [7], quintessence [8], K-essence [9] and tachyonic models [10]. An
interesting model of dynamical dark energy is based on Chaplygin gas equation of state [11, 12]. An
important model of this case is called generalized Chaplygin gas [13], or modified Chaplygin gas [14, 15],
which is unified by the extended Chaplygin gas [16, 17]. Importance of Chaplygin gas models is unification
of the dark energy and dark matter, which is firstly inspired by string theory point of view [18, 19]. It is
possible to obtain Chaplygin gas equation of state from D-brane action of string theory [20]. Holographic
model of dark energy is another interesting model inspired by holographic entropy [21–23]. A class of
models, called barotropic fluids, in which the dark energy pressure is given as an explicit function of the
density, have also been studied [24]. Barotropic fluid models have a number of features that make them
an interesting class of dark energy models. They have an explicit equation of state relating the pressure
and the energy density. Also, Modified theories of gravity are alternative to dark energy to explain ac-
celerating expansion of the Universe like f(R) theory [25–28]. We examine the class of barotropic fluid
and Chaplygin gas models of dark energy, in which the pressure is an explicit function of the density.
As mentioned above, Chaplygin gas is interesting model of dark energy in particle physics, astrophysics
and cosmology. In that case, modified Chaplygin gas [29] considered to study inflationary scenario [30],
where the effects of bulk viscous pressure [31] on warm inflationary modified Chaplygin gas model using
Friedmann-Robertson-Walker background has been studied. It should be mention that bulk viscosity
[32] is important parameter in the energy momentum of a perfect baryotropic fluid [33]. Constraints on
modified Chaplygin gas also investigated by [34]. Hence, all cosmological model based on Chaplygin gas
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2including bulk viscosity unified through extended Chaplygin gas model [35], which can extracted from
string theory, and these are our motivation to choose such dark energy model in part of this paper. For
simplicity, we consider a toy model including generalized Chaplygin gas which can be extended to better
models of Chaplygin gas like modified or extended Chaplygin gas [36].
Recently, Ref. [37] have been studied the effects of cosmological constant as dark energy on the ther-
modynamics of clustering of galaxies. Straightforward way to have a dynamical model of dark energy is
consideration of varying Λ [16, 28, 38]. Hence, [39] have been studied thermodynamics of the clustering
of galaxies under the effect of dynamical dark energy. Indeed varying Λ as time dependent with power
law considered as dark energy and correlation function of galaxies have been studied by Ref. [39]. Now,
we will consider more real model based on two important models of dark energy, and study the effect of
time-dependent cosmological constant with combination of power law and exponential on the clustering
of galaxies.
Because of inter-galactic distances, it is possible to represent a system of galaxies as a point particle
system. Hence one can use standard methods of statistical mechanics known as the method of cluster
expansions to study clustering of galaxies [40]. In that case, the effects of super-light brane world per-
turbative modes on structure formation has been studied [41]. Also, the galactic clustering of expanding
Universe by assuming the gravitational interaction through the modified Newton’s potential by means
of the f(R) gravity is investigated [42]. It has been found that by increasing the field content of gen-
eral relativity changes the large distance behavior of the theory [43]. An interesting model of galaxies
clustering discussed in the Ref. [44]. Moreover, the thermodynamics of galactic clustering under the
higher-order corrected Newtonian dynamics investigated by the Ref. [45]. Indeed, the observed peculiar
velocity distribution function, which is used to study the clustering parameters, has been considered for a
sample of galaxies of order 50Mpc for the local group [46]. Statistical mechanics prepare useful method to
study clustering of galaxies. For example, it is possible to study spatial distribution function of galaxies
at high redshift [47], or to calculate the probability to have special shape of a galaxy clustering [48]. It is
also possible to extend point like masses to the extended mass with finite size [49]. In this paper, we use
the standard methods of statistical mechanics to study the clustering of galaxies in presence of barotropic
fluid and Chaplygin gas dark energy models and compare the result. The main difference of our work
with previous one like [41–45] is the general forl of dark energy which will be considered in this paper.
This paper is organized as follows. In the next section we consider varying Λ [50] as time-dependent dark
energy and recall two dark energy models, the first is barotropic dark energy with time-dependent equa-
tion of state [51] and the second is Chaplygin gas model of dark energy. We give master equations with
thermodynamical analysis of the solutions. Then, we review some important thermodynamics relations
which affected by dynamical dark energy. In section IV we obtain the effect of dynamical dark energy on
the correlation function and compare results with Peebless power law.
II. DARK ENERGY MODEL
In the Λ-CDM model, the cosmological constant Λ plays a role of dark energy. However, it is not
a dynamical model of dark energy (a consistent model with several observational data) and, hence,
can’t describe the early Universe. In order to improve this situation, we can consider a time-dependent
cosmological constant Λ(t). In that case a simplest case considered by the Ref. [39], now we can extend
such ansatz and consider more general case including both power law and exponential form as follows,
Λ(t) = Λ0(1 + t
−b1e−b2t), (1)
where b1 and b2 are free parameters of the model and can be fixed by observational data. In the case of
b2 = 0 we recover results of the Ref. [39]. It is clear that t→∞ gives Λ(t) = Λ0, where Λ0 is the present
value of the cosmological constant and we recover results of the Λ-CDM model. Therefore, Λ(t) plays a
role of time-dependent dark energy density ρ,
ρ = ρ0(1 + t
−b1e−b2t), (2)
3where ρ0 is the present value of the dark energy density. The universe in this scenario described by the
following FRW metric:
ds2 = −dt2 + a2(dr2 + r2dΩ2), (3)
where a is the scale factor, and dΩ2 = dθ2 + sin2 θdφ2. It yields to the following Friedmann equations,
(
a˙
a
)2
=
ρ
3
, (4)
and
2
a¨
a
+
(
a˙
a
)2
= p, (5)
where the dark energy density satisfies the following conservation equations:
ρ˙+ 3H(p+ ρ) = 0, (6)
while p is the pressure and has the following equation of state:
p = ωρ. (7)
Also, the Hubble expansion parameter can be written in terms of the scale factor a as follows,
H =
a˙
a
. (8)
In order to have thermodynamical analysis of the models, we should note that the evolution rate of the
dark energy entropy with the dark energy density ρ is given by [52],
S˙de =
4π
T
(1 + ω)ρr2A(r˙A −HrA), (9)
where rA is the apparent horizon radius. Apparent horizon radius is associated with the gravitational
entropy for a dynamical space-time and given by the following expression [53]:
rA = H
−1. (10)
Moreover, the temperature is given by,
T =
1
2πrA
. (11)
In this paper, we would like to consider two special cases of dark energy model which are discussed in
detail with separated subsections.
A. Barotropic fluid
A barotropic fluid with time dependent equation of state [54],
ω = ω0 + ω1t, (12)
could play role of the time-dependent dark energy, where ω0 and ω1 are constants. Such time-dependent
equation of state appears due to the modification of gravity [55].
4FIG. 1: Typical behavior of the scale factor in terms of redshift for various values of set of parameters as
(ω0, ω1, b1, b2).
Now, by using the equations (2), (7) and (12) in the conservation equation (6) one can obtain the following
time-dependent Hubble parameter:
H =
(b1 + b2t)t
−b1e−b2t
3t(1 + ω0 + ω1t)(1 + t−b1e−b2t)
. (13)
Hence, one can obtain,
ln
a
a0
=
∫
(b1 + b2t)t
−b1e−b2t
3t(1 + ω0 + ω1t)(1 + t−b1e−b2t)
dt. (14)
Above integral can solved numerically to obtain time dependent scale factor. We expect a as increasing
function of time, and it helps us to fix some free parameters of the model. We find numerical solution
of the equation (14) and find that negative b1 yields to decreasing scale factor which is not good result,
hence we can choose positive b1 together with both positive or negative b2. Also by using the results
of the Ref. [56] we can present our results in terms of the redshift. We expect that the scale factor
be decreasing function of the redshift. We draw redshift dependent scale factor in the Fig. 1 and find
that both b1 and b2 should be positive while ω0 may be positive or negative. We denote set of free
parameters as (ω0, ω1, b1, b2) and show that the best choice may (+,+,+,+) or (−,+,+,+). We used
unit values for all parameters to find typical behavior, while other values make no important changes in
the behavior of scale factor.
Now, by exploiting relations (13) and (9), we obtain the following differential equation:
S˙de =
648ρ0π
2t3
(b1 + b2t)5
[
(1 + ω0 + ω1t)(1 + t
−b1e−b2t)
b1t−b1e−b2t
]4
Y (t), (15)
5FIG. 2: Typical behavior of the entropy in terms of t for barotropic fluid.
where we have defined,
Y (t) ≡ Y1t−b1e−b2t + Y2. (16)
with
Y1 = b2(ω1 − b2
3
)t2 + 2b1(ω1 − b2
3
)t
− b1
3
(b1 − 3(1 + ω0)), (17)
and
Y2 = ω1b
2
2t
3 + (2b1b2ω1 + (1 + ω0)b2 + ω1)t
2
+ b1(b1ω1 + 2b2(1 + ω0) + 2ω1)t
+ b1(1 + ω0)(1 + b1). (18)
Numerically, it is easy write the equation (15) in terms of redshift [56] and solve it to confirm that entropy
is increasing function of redshift which may be in agreement with the results of the Ref. [57]. In the Fig.
2, we can see the typical behavior of the dark energy entropy in terms of redshift.
B. Chaplygin gas
Chaplygin gas equation of state is given by,
ω = −A
ρ2
, (19)
6FIG. 3: Typical behavior of the scale factor of Chaplygin gas model in terms of the redshift for various values of
set of parameters as (b1, b2).
where A is a positive constant. Now, by using the equations (2), (7) and (19) in the conservation equation
(6), one can obtain the following time-dependent Hubble parameter:
H =
(b1 + b2t)t
−b1e−b2t
3t
(
1− A
(1+t−b1e−b2t)2
)
(1 + t−b1e−b2t)
. (20)
In turn, we obtain the following scale factor,
a = a0
e
b2t
3(
t−2b1 + 2t−b1eb2t + e2b2t −Ae2b2t) 16 . (21)
The above relation can easily written in terms of the redshift. Behavior of the scale factor is depends on
the values of b1 and b2. As illustrated by plots of the Fig. 3, we conclude that the positive b1 and b2 are
the best range for the constants to have scale factor as decreasing function of the redshift. We also find
that value of constant A is also important and should be fixed by observational data.
In the Fig. 3 (a), we can see behavior of the scale factor for A = 0.1 and different set of parameters
(b1,b2) as (1, 1), (1,−1) and (−1, 1). In the case of positive b1 and b2 (solid black line of the Fig. 3 (a)),
we can see that the scale factor takes a constant value at the late time (low redshift) which means that
Universe stop expanding, hence it is not good result according to the recent observational data. Other
range of b1 and b2 yields to unexpected behavior of the scale factor.
The Fig. 3 (b) describes the behavior of the scale factor for A = 1. In the case of positive b1 and b2,
we can see that the scale factor is decreasing function of the redshift (increasing function of time). At
the early time, it grows suddenly which shows an early inflation, then Universe expands to the current
stage. As previous case, the values of b1 and b2 should be only positive to give reasonable behavior.
Comparing with the previous case of barotropic fluid, we can see that Chaplygin gas has reasonable
behavior and has better fit with the current observational data. We also observe that both b1 and b2
should be positive, hence we shall use this condition in the rest of paper.
In the next section, we shall discuss about the entropy by using the equation (9) for the generalized
Chaplygin gas mosel.
7C. Generalized Chaplygin gas
The generalized Chaplygin gas equation of state is given by,
ω = − A
ρ1+α
, (22)
where 0 < α ≤ 1 is a constant. By setting the particular case of α = 1, the Chaplygin gas considered in
the previous subsection recovered.
Now, by using the equations (2), (7) and (22) in the conservation equation (6) we obtain the following
time-dependent Hubble parameter,
H =
(3t)−1
(
tb1eb2t + 1
)1+α
(b2t+ b1)
(tb1eb2t + 1)
1+α − Atb1(2+α)
e−b2t(2+α)
+ eb2t (tb1eb2t + 1)
1+α
tb1
. (23)
In this case, the scale factor (21) generalized to the following expression:
a = a0
e
b2t
3
(
(1 + t−b1e−b2t)α − A
1+t−b1e−b2t
)− 1
3(1+α)
(1 + t−b1e−b2t)−
α
3(1+α) (t−b1 + eb2t)
1
3
. (24)
Also, in this case, the differential equation for the entropy is given by,
˙Sde = −
216π2
(
A− ρα+10 (1 + t−b1e−b2t)α+1
)4
ρ5α+60 (b1 + b2t)
5(1 + t−b1e−b2t)5α+1
× t5b1+5e5b2t(Z1(t) + Z2(t)), (25)
where we have defined
Z1(t) =
(
4ρα+10 (1 + t
−b1e−b2t)α+1 + 3Aα
)
× ρ20t−2b1−2e−2b2t(b1 + b2t)2, (26)
and
Z2(t) =
(
3Aρ0(1 + t
−b1e−b2t)− 3ρα+20 (1 + t−b1e−b2t)α+2
)
× ρ0t−b1−2e−b2t
(
(b1 + b2t)
2 + b1
)
. (27)
Numerical analysis of the equation (25) shows that the dark energy entropy is an increasing function of
time (decreasing function of the redshift), hence the second law of thermodynamics holds in this model.
In the Fig. 4, we can see the typical behavior of the dark energy entropy in terms of the redshift.
III. THERMODYNAMICS OF GALAXY CLUSTERING
The partition function for N particle (galaxy) system is given by ([40]):
Z(T, V ) =
1
λ3NN !
∫
d3Npd3NrX, (28)
where X is defined as
X ≡ exp
(
− 1
T
[ N∑
i=1
p2i
2m
+Φ(r1, r2, r3, . . . , rN )
])
, (29)
8FIG. 4: Typical behavior of the entropy in terms of z for GCG with A = b1 = b2 = 1.
Here, units are chosen such that the Boltzmann constant becomes one. Upon performing integration over
momentum space, the partition function (28) leads to the following expression:
ZN (T, V ) =
1
N !
(
2πmT
λ2
)3N/2
QN(T, V ), (30)
where configurational integral is expressed by
QN (T, V ) =
∫
....
∫ ∏
1≤i<j≤N
(fij + 1)d
3Nr. (31)
Here, two-particle function fij can be expressed in terms of potential energy as follows,
fij = e
−
Φ(rij)
T − 1, (32)
which obviously vanishes in the absence of interactions [40]. In order to remove divergence, one can
introduce the softening parameter ǫ to the Newton’s potential energy [40],
Φ(rij) = − Gm
2
(r2ij + ǫ
2)1/2
. (33)
Also, the modified potential due to the dark energy (dynamical cosmological constant) is given by [58],
Φ(rij) = − Gm
2
(r2ij + ǫ
2)1/2
− Λ(t)r
2
ij
6
. (34)
The case of constant Λ, in agreement with Λ-CDM model, has been studied already by [37]. Moreover,
time-dependent cosmological constant Λ(t) with inverse square potential has been recently studied by
[59]. In this case, the two-particle function takes the following form:
fij =
Gm2
(r2ij + ǫ
2)1/2T
+
Λ(t)r2ij
6T
, (35)
9where Λ(t) is given by the equation (1). Now, we calculate the configurational integral for N particle
case as
QN (T, V ) = V
N [1 + βx]N−1 , (36)
where
β ≡
√
1 +
ǫ2
R21
+
ǫ2
R21
log
ǫ/R1[
1 +
√
1 + ǫ
2
R21
] + Λ(t)R31
15Gm2
, (37)
with
R1 ∼ ̺−1/3 ∼ (N¯/V )−1/3 (38)
and
x ≡ 3
2
(
Gm2
T
)3
̺. (39)
Utilizing above expression of configurational integral, the gravitational partition function has following
expression:
ZN (T, V ) =
V N
N !
(
2πmT
λ2
)3N/2
× [1 + βx]N−1 . (40)
Now, with the help of partition function, we are able to calculate thermodynamic quantities like Helmholtz
free energy which is given by
F = −T lnZN (T, V ),
= NT log
(
N
V
T−3/2
)
−NT −NT log [1 + βx]
− 3
2
NT log
(
2πm
λ2
)
. (41)
Then, we can obtain the entropy via
S = −
(
∂F
∂T
)
N,V
,
= N log
(
V
N
T 3/2
)
+N log[1 + βx] − 3N βx
1 + βx
+
5
2
N +
3
2
N log
(
2πm
λ2
)
. (42)
One can obtain internal energy of a system of galaxies as
U = F + TS =
3
2
NT
[
1− 2 βx
1 + βx
]
. (43)
The specific heat can be calculated via the following relation:
C = T
(
∂S
∂T
)
V
. (44)
10
Grand canonical partition function in terms of canonical partition function is given by,
ZG(T, V, z) =
∞∑
N=0
zNZN (V, T ), (45)
where
z = e
µ
T (46)
is called activity and
µ =
(
∂F
∂N
)
V,T
,
= T log
(
N
V
T−3/2
)
+ T log
[
1− βx
1 + βx
]
− 3
2
T log
(
2πm
λ2
)
− βx
1 + βx
T (47)
is chemical potential. By using the relations (45), (40) and (47) one can obtain the probability of finding
N particles in volume V as follow,
P =
e
Nµ
T ZN(V, T )
ZG(T, V, z)
,
=
N¯
N !
(
N¯ +Nβx
)N−1
(1 + βx)
−N
e
−N¯−Nβx
1+βx . (48)
Now, we can study the total entropy due to the dark energy (Sde) and clustering of galaxies (given by
the equation (42)),
Stot = S + Sde, (49)
which is different for the barotropic or Chaplygin gas dark energy. The first part yields to a constant
after long time, hence the second part (Sde) is dominant which is illustrated by Figs. 2 and 4. Therefore,
the only model where the second law of thermodynamics is valid given by the GCG.
IV. EFFECT OF THE DYNAMICAL DARK ENERGY ON THE CORRELATION
FUNCTION
In order to find the suitable model in agreement with simulations, we need to calculate the correlation
function. As we know, the two-point correlation function ξ(r) of the clustering of galaxies obeys power
law ξ(r) = r−1.8 [60] which has been confirmed from N -body simulation [61]. Now, we would like to
study the effect of dynamical dark energy as barotropic and Chaplygin gas models on the correlation
function.
The main equation of internal energy is given by [62, 63],
U =
3
2
NT − N
2
2V
∫
V
Φ(r, T )ξ(r)4πr2dr. (50)
Here, Boltzmann’s constant is unit. Then, by using the interaction potential Φ and the clustering
parameter,
B = Gm
2N
6TV
∫ [
ξ(r)√
ǫ2 + r2
+
ρr3
6
]
dV, (51)
11
FIG. 5: Typical behavior of the correlation function in terms of t. Solid lines drawn for ω0 = ω1 = 1 and
b1 = b2 = 1, while dashed lines drawn for ω0 = −1, ω1 = 1, and b1 = b2 = 1. All other parameters sets as unity.
we can obtain correlation function ξ(r). In that case one can obtain,
ξ(r) =
9B2TV
2πGm2N
1
r2
(
1 +
ǫ2
2r2
− ρr
3
6
)
, (52)
where ρ is given by the equation (2). Hence, it is different for Barotropic fluid and Chaplygin gas.
First of all we consider barotropic fluid equation of state and study the equation (52). In the Fig. 5 we
give typical behavior of correlation function (52) for barotropic fluid (see blue lines) and compare it with
Peebles’s power law (see red lines). We can see general agreement for correlation function, specially for
the small t. It means the Barotropic fluid could describe the early Universe.
Then, we consider Chaplygin gas equation of state and give numerical study of the equation (52). In
the Fig. 6 we give typical behavior of correlation function (52) for the Chaplygin gas equation of state
(see blue lines) and compare it with Peebles’s power law (see red lines). We can see general agreement
for correlation function more than barotropic fluid (specially for positive b1 and b2). We can see the
good agreement behavior for the large t. We can conclude that the Chaplygin gas equation of state may
describe the late time Universe.
V. CONCLUSION
In this paper, we have assumed that varying cosmological constant corresponds to a time-dependent
dark energy. There are various dynamical dark energy models in order to explain fine-tuning and the
cosmic coincidence problems. Two such models of our interest are the barotropic fluid and the Chaplygin
gas model. In order to do comparative analysis, we have studied galaxy clustering in presence of these
dark energy models. In both cases, we have found a scale factor for various values of the model parameters.
In the case of generalized Chaplygin gas and barotropic fluid, we studied the behavior of the dark energy
entropy with time and found that it is an increasing function in both the cases. Numerically, we have
shown that the value of dark energy entropy in the case of generalized Chaplygin gas is greater than the
case of barotropic fluid. Moreover, we have investigated thermodynamical entities like Helmholtz free
12
FIG. 6: Typical behavior of the the correlation function in terms of t with A = 1. Solid lines drawn for b1 = b2 = 1,
while dashed lines drawn for b1 = 1, and b2 = −1.
energy, entropy, internal energy, specific heat and chemical potential. We have calculated probability and
partition function as well. We could see the effect of each models on the clustering parameter. Hence,
we can write total entropy of the system including the dark energy and clustering of galaxies. We have
shown that dark energy entropy is dominant and clustering of galaxies entropy are negligible. Finally,
we calculated the effect of barotropic and Chaplygin gas models on the correlation function and compare
results with Peebles’s power law. We found that the Chaplygin gas gives better fit to the original Peebles’s
power law than the barotropic fluid. However we can conclude that the barotropic fluid may describe
the early Universe while Chaplygin gas describe the late time Universe. Therefore, as the Chaplygin gas
equation of state can be obtained from string theory, it may be an observational validation for the string
theory. We should note that here we only consider a toy model including generalized Chaplygin gas
while there are other better models like modified or extended Chaplygin gas. It would be interesting to
consider other models of Chaplygin gas like extended Chaplygin gas [64–66] to investigate the clustering
and cosmic energy equation of galaxies thermodynamics. These are subject of further investigations.
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